Abstract-We develop an efficient algorithm for the computation of the complete transmitted and reflected electromagnetic fields in generic 2D arrays of carbon nanotubes (CNTs). The method relies on first approaching individual CNTs using an effective-boundary condition based on a proper quantum conductivity model. An exact eigenmode solution is obtained for this problem for both single-wall and multi-wall CNTs, which then is integrated with Floquet mode theory to handle periodic arrays of CNTs. The algorithm's convergence rate is accelerated using special methods and then applied to the analysis and design of various multi-layered CNT-based photonic crystal devices. It is shown that the proposed method can clearly demarcate the intrinsic optical resonances due to electronic transitions in individual CNTS and new sets of "geometric" optical resonances produced by the array spatial structure. The algorithm can be used to analyze measured optical spectra of CNT composites and to design new nanomaterial-engineered optical bandgap devices.
INTRODUCTION
Carbon nanotubes (CNTs), first reported in [1] , are crystal structures in the form of single (or multiple cocentric) cylindrical tubes with high aspect ratio. They have been proposed as candidates for various applications, ranging from enhancement of the mechanical properties of composites to logical gates in new genre of nano-electronic devices [2] [3] [4] . The fact that they can function as either metallic or semiconducting, depending on the geometric structures, has attracted the attention of many researchers, leading to systematic investigations of their performance under wide range of conditions. In recent years, one particular application has attracted attention in CNT research, and that is the possibility of assembling photonic crystal devices using CNTs as fundamental building units. Experimental ideas were explored in [5] , while multi-walled carbon nanotubes were analyzed in [6] . More recently, the possibility of setting up negative refraction in CNT-based photonic crystals was investigated [7] . Photonic crystals, being periodic arrangements of identical units, can act like optical filters since they tend to permit wave transmission only within certain bands. Since CNTs exhibit a plethora of unusual electrical and mechanical properties at the nanoscale, it is important to explore the ability to design new optical devices based on manipulations of the geometric arrangements of CNT unit cells embedded into a larger periodic structure. Indeed, the main task of the present paper is to propose such possible computational method. While many investigations of arrays of CNTs has been reported, they tend to rely either on full-wave numerical solution or measurement. Both could be tedious in early R&D stages that require repeated use of the same calculation with different parameter values, for example as in optimization. There is a need to develop an efficient method intermediate in complexity between exact solutions and fullynumerical ones. This paper will propose such an algorithm based on combining the effective-boundary condition method and Floquet mode theory.
Since CNTs have characteristic scale (diameter) in the nanometer range, the electromagnetic spectrum pertinent to their fundamental (electronic resonances) tend to be in the optical range, though microwave properties of CNT-based composites have been investigated. While numerous experimental measurements of the optical spectra of CNTs have been reported over the year, it remains challenging to compute the scattered field from first principles, first because of the lack of exact knowledge of the geometry and structure at the nanoscale, and second since electromagnetic theory, usually successful at the computational level in the macroscopic scale, cannot be directly applied at the microscopic scale. Here, we provide a theoretical description of the electromagnetic scattering by both singleand multi -wall carbon nanotubes based on an effective-boundary condition derived previously using a phenomenological quantum model [8] [9] [10] . The analytical solution for the scattering problem developed by the authors for single-wall CNT in [11, 12] was compared with experiments and good results had been obtained. The method was than then generalized to include multi-wall CNT [13] [14] [15] . In this paper, we undertake the task of extending the electromagnetic scattering model developed in [11] and [15] to multi-layered arrays of single-and multi-walled CNTs.
There are several practical motivations for undertaking such a study. First, actual CNT composites hardly contain isolated tubes. Instead, each composite contains a large number of nanotubes arranged in various ways. Spectroscopic data obtained by scattering experiments constitute the main empirical input for theoretical models constructed to understand the fundamental physics of those nanostrucutres. Having a theoretical model for the electromagnetic response helps in understanding measurement data. Second, CNTs can be used in the design of new nanophotonic devices by aligning them in various configurations. A theoretical model is indispensable for the prediction and development of practical devices since it will provide a priori insight into the new physics associated with using CNTs instead of other, more conventional, materials. Also, a simulation code can cut the R&D cost by producing primitive prototypes before going to the fabrication process. Figure 1 illustrates the general geometry of the problem dealt with in this paper. Each circle denotes a fictitious unit cell in which arbitrary periodic arrangements of CNTs can be assumed. The generalized reflection matrix of the unit cell can be found using the recursive T-matrix algorithm [18] . The problem then shifts to the determination of the fields everywhere using the periodic Green functions, or, equivalently, the lattice sum formalism. We adopt here the latter approach and combine it with the exact electromagnetic effective-boundary condition solution developed earlier in order to determine the field everywhere. A special acceleration method is applied to speed up the computation of the lattice sum. The theory of Floquet modes is deployed in order to complete the determination of the fields and hence the transmission and reflection characteristics of generic CNT-based photonic crystals. Numerical examples are included. The intrinsic resonances (electronic transitions) are clearly distinguishes from the geometric resonances due to the array factor effect of the photonic crystal. It is shown by a design Figure 1 . General setting for the 2D semi-finite photonic crystal. The main problem is to calculate the reflected and transmitted field, due to an incident field, given the generalized reflection matrix of the circular unit cell.
example that optimizing the geometric parameters of the CNT array can lead to desired transmission characteristics.
Dealing with random arrays of CNT can still be made using our algorithm. Since the method is very efficient, it is possible to perform statistical analysis by allowing the position of each CNT to become a random variable and then computing the expected values of the transmission and reflected coefficients of the total random array using large number of computational runs. This is in fact one of the main advantages of the method proposed in this paper. Indeed, full-wave commercial solvers cannot deal with the complete electromagnetic numerical solution in efficient manner. Since we solve the electromagnetic boundary-value problem analytically and then accelerate the convergence of the results, the results obtained by our method are expected to play a significant role in analysis conducted with measurements of random CNT arrays where the positions and numbers of CNTs are unknown. For examples on how to combine electromagnetic analysis with statistical consideration, see [16, 17] . Figure 2 illustrates the honeycomb lattice structure of graphene † . The unit cell is specified by two atoms located at the positions 1/3(a 1 + a 2 ) and 2/3(a 1 + a 2 ), where a 1 and a 2 are two unit vectors defining the lattice constants and b 0 = |a 1 | = |a 2 | = 0.142 nm is the interatomic distance. The CNT is formed by rolling up this sheet such that the circumference of the tube coincides with the chiral vector c = ma 1 + na 2 . Here m and n are two integers that completely determine the structure and the properties of the CNT. If only one layer is used to form the tube, the resulting structure is called single-wall CNT (SWCNT). Alternatively, if the tube consists of several co-centric cylinders, we call it multi-wall CNT (MWCNT). CNTs with the structure (n, 0) are called zig-zag CNT because the pattern created along the circumference of the tube resembles a zig-zag motion. The structure (n, n) is called armchair. Tubes that have 0 < n = m are called chiral. The radius of the CNT is given by [4] 
THE ELECTROMAGNETIC MODEL OF ISOLATED CARBON NANOTUBES

Review of the Structure of Carbon Nanotubes
One of the most important features of CNTs is their ability to work in different transport modes depending on the geometry, which is completely specified by the integers m and n. Armchair CNTs are always metallic since the resulting energy diagram has no energy bandgap. Zig-zag tubes can be either metallic or semiconducting depending on the chirality (i.e., the ratio m/n). If m = 3i, where i is an integer, then the resulting CNT will be metallic. Otherwise, a non-zero bandgap will exist and the properties of the structure becomes closer to semiconductors.
The Effective-Boundary Condition Approach to the Electrodynamics of Single-Wall Carbon Nanotubes (SWCNTs)
In CNTs, the so called π-electron, which belongs to an unsaturated orbital orthogonal to the tube surface, is relatively free and can therefore respond to an external electromagnetic fields [4] . The interaction of this electron with external electromagnetic field leads to postulating an effective conductivity function describing the current induced by the interaction. The idea of the effectiveboundary condition is to replace a microscopic fine crystal structure of matter, in this case the carbon nanotube atomic lattice arranged in a cylindrical fashion, by an effective, homogenized surface in which the behavior of the electromagnetic field on the two sides of the surface can be described by formulas familiar to conventional macroscopic electromagnetism. The effective-boundary condition is given by [9] n
where the unit normal vectorn is directed outward to the surface of the CNT. Here, Υ(ω) represents the effect of spatial dispersion in the z -direction and is given by
, where, l 0 is estimated to be around 10 −5 for metallic tubes [9] . The azimuthal current of the CNT is very weak compared to the axial component and therefore is ignored in the boundary conditions above. The axial conductivity for armchair CNT is given by [8, 9] 
where ν is the relaxation frequency, which is related to the relaxation time τ by ν = τ −1 . The normalized Planck's constant is given by ≈ 1.05457 × 10 −34 J · s and the electron charge e ≈ 1.6022 × 10 −19 C. On the other hand, the well-known dispersion relation of CNTs is given by
where p z is the quasi-momentum in the z -direction, d = 3a 0 /2 , and the positive and negative signs in Eq. (5) corresponds to the conduction and valence bands, respectively. The classical equilibrium Fermi distribution can be calculated by
where k B = 1.381 × 10 −23 J/K is Boltzmann's constant, and T is the absolute temperature. Finally, the matrix element for armchair CNT is determined by means of
The integrals in Eq. (4) are calculated in the first Brillouin zone. One possible zone is the integrations limits p z = ±2π / √ 3a 0 . The numerical cost for calculating the quantum conductivity in Eq. (4) increases dramatically with large m.
The Effective-Boundary Condition Approach to the Electrodynamics of Single-wall and Multi-Walled Carbon Nanotubes
Based on the quantum conductivity derived in Section 2.2, the authors used exact eigenfunction expansions in electromagnetics to solve the problem of electromagnetic scattering by CNTs and obtained numerical results in good agreement with experiments [11] . Since eigenfunction expansions in more general form will be developed below (see Section 3.1) using Floquet theory, we will not review the older results here. However, we mention that the method developed in [11] for SWCNT has been extended to treat MWCNTs in [13, 14] , again using the effective-boundary condition method. The basic idea was to solve analytically for multiple reflections inside every cylindrical regions using standard recursive algorithms in electromagnetics. The resulting algorithm in [13, 14] can be used to compute electric and magnetic fields in all regions of the multi-walled CNT structure, with an arbitrary number of wall and chirality for each layer.
THE FLOQUET MODE THEORY OF ELECTROMAGNETIC SCATTERING BY CNT ARRAYS
The 1-D Infinite Array Case
We start first by solving the problem of single layer, or an infinite array of cylindrical unit cells as shown in Fig. 3 . The incident field can be expanded in cylindrical modes as follows [18, 21] 
where
and a in = [j n e jnφ e jkzz ]. Here, J n (x) is the bessel function of the first kind. The scattered field is written as
where a sc 0 is the scattering amplitude of the 0th unit cell. Now consider the fields within the 0th unit cell, i.e., we restrict our observations only to space points where ρ 0 = x 2 + y 2 < h. In this case, using the addition theorem, we arrive at
Therefore, the total field E total = E in + E sc can be decomposed as
where the lattice sum is given by [19] Finally, the recursive T-matrix algorithm immediately allows us to write [18] 
The convergence of the lattice sum in Eq. (13) is extremely slow, leading to high computational demand when being employed in numerical calculations of the fields scattered by multi-layered arrays. Fig. 4 illustrates the calculation of S 0 at a single point of its argument plotted versus the number of terms required in the direct calculation of the sum. Clearly such incredibly large number of terms is unacceptable since the bottle neck of the array problem is the computation of the lattice sum. Fortunately, an alternative acceleration technique is available in literature in which the lattice sum was converted to a numerical integration [20] . We implemented a subroutine to calculate the lattice sum and compared the results with direct method. Fig. 5 illustrates the computed sum versus the number of integration points required. Here, a refers to the truncation upper limit of the (theoretically infinite) integral. A simple trapezoidal rule was utilized in the code. It is found that a number of integration points as low as 1000 is enough to obtain accurate results for practical cases of interest. The last step needed to complete the electromagnetic solution of the problem is to transform the cylindrical coordinates solution into plane wave (Floquet) series expansion. Utilizing the well-known Hankel function transformation [18] , the needed scattered and transmitted fields can be written as
respectively. Here, we have
where [19] 
Note that now power reflection and transmission coefficients can be immediately obtained by
respectively. Fig. 6 provides a verification of our code by direct comparison with data in [19] . In this result, we used a total number of ±14 cylindrical modes and ±7 space modes. 
Multi-Layer Array Structures
The passage to the multi-layer array case can be accomplished easily by applying the generalized scattering matrix method. Fig. 7 illustrates the general geometry of the problem. Wetreat each layer as a "system" with a reflection and transmission matrices that are determined by Eqs. (15)- (18) . The (generalized) reflection and transmission matrices of the total structure are found by computing the cascaded connection matrix of the various sub-blocks recursively in a way similar to the algorithm of Section 3.1. The most important condition for the applicability of the generalized scattering matrix method is the ability to draw a fictitious line (the dashed curved line in Fig. 7 ) between every two Figure 7 . Geometry of the multi-layer problem.
layers without crossing through any circular unit cell. In this case, the fields in the space between the layers can be expanded as linear combinations of growing and decaying exponentials, in addition to propagating waves, while the fields in the outermost and innermost layers can admit only propagating or/and evanescent modes.
The CNT Array Floquet Mode Algorithm
The basic content of the Floquet mode algorithm is shown in Fig. 8 . The algorithm input is an excitation plane wave, while the output is a series of space harmonics (or Floquet modes) describing the field everywhere. Due to the symmetry of the problem, it would be much easier to convert incident plane waves to cylindrical harmonics using the space-to-cylindrical transformation of Section 3.1. The Figure 8 . The various transformation (thick downward arrows) employed in the generalized scattering matrix method applied to the problem of arbitrary multi-layered structures.
kernel scattering problem is then solved, and the solution is converted back to space harmonics. Since the details of the transformations are both straightforward and quite lengthy, we just report the final results in the appendices at the end of this paper. Before moving to numerical results, we mention that in most practical settings, CNT arrays come with structural defects rendering the exact periodic boundary condition implied by the use of Floquet mode theory an approximation, not an exact one. Indeed, it is well known that composites of CNT unit cells often exhibit structural differences making not all unit cells identical [22] . Those defects have been characterized by various experimental methods, for instance X-ray [23] . In general, new physics could emerge if the disorder introduced by defects can lead to the excitation of new modes or the localization of energy around the defect [24] . Complete theoretical analysis of these new physical phenomenon induced by strong mode coupling caused by CNT defects are beyond the scope of the present paper. However, the general and computationally efficient Floquet mode theory developed here can provide a solid basis for constructing an extension of the present method taking into account changes in the nanostrucutres of the CNT photonic crystals due to local violations of periodicity.
NUMERICAL EXAMPLES
Basic Analysis Case
For the following numerical examples, we calculate the fundamental mode power reflection coefficient R 0 as given by Eq. (18), with ±3 space modes and ±3 cylindrical modes. Notice that in the general formalism adopted here, the power coefficient R 0 does take into account the interaction of higher-order (propagating and evanescent) modes between the layers (in this case up to three spatial modes). In other words, due to spatial dispersion (non-locality), even the main (fundamental) mode is function of the higher-order modes connecting the interactions between the various layers of the structures.
In Fig. 9 , we show the computed scattered field for 8-layer arrays of (10, 10) SWCNTs. The ydirection spacing d is denoted by d y and we choose to relate it to the x -direction spacing h, denoted here by d x , by d y = 0.75d x . We also assume ϕ in = 90 • and θ in = 90 • . The figure also shows the quantum conductivity of an isolated SWCNT for comparison. It is evident from the data that the observed spectral response of the array structure introduces new resonances different from the fundamental resonances of the individual nanotube. Strictly speaking, certain resonances in the spectrum of the array environment results from multiple reflections of the (propagating and/or evanescent) waves between internal layers, giving rise to new resonance peaks in the observed output. As spectroscopic data, those should be distinguished from the CNT resonances that are due to intra-and inter-band electronic transition.
CNT Nano-Photonic Crystal Design Case Study
In the next example, we provide simple examples illustrating the design of photonic bandgap structure implemented using SWCNTs and MWCNTs. Fig. 10 illustrates the spectral responses for 1-layer, 12-layer, and 30-layer photonic crystals. As expected, when the number of layers increases, the structure approaches a limit state of quasi-2-D periodicity (the y-direction periodicity is approximate, but the xdirection one is exact), where the familiar stopband periodic repetition is reproduced. Therefore, when the remaining parameters of the structure are chosen properly (in this case through manual tuning but the process can be easily automated through optimization methods), it is possible to achieve complete stopband (passband) at desired frequency range when the total waves scattered by the individual unit cells interact destructively (constructively). The figure also shows the conductivity of the isolated SWCNT. It is evident that the normalized response of 1-layer array is indistinguishable from the isolated array, due to the weakness of the coupling in the x -direction in this particular example. As more CNT 1D layers are inserted, geometric interactions (array effects) dominate, and the response is drastically changed to produce bandgap structures. Finally, in Fig. 12 we provide the angle response of a 6-layer photonic crystal. It is evident that the while the structure may be optimized to work at certain angle of incidence, the response introduces new behavior at other angles. In this particular example, a redshift in the resonance structure of the spectral response was observed with increasing angle of incidence.
We note that the number of layers in photonic crystals controls the complexity of the performance of the system acting as a spatio-temporal filter. For instance, adding more layers will result in additional geometrical resonances due to the creation of more multiple-reflection pathways between the various layers in the overall array. The situation can be compared with designing multiple-stages or cascaded filters in circuit theory, where adding more stages increases the number of resonances and hence tend to increase the passband bandwidth or improve stopband attenuation performance (or both). Simulation results performed using our algorithm have demonstrated similar effects where the stopband and passband bandwidthes could be controlled indeed by adding more layers. 
CONCLUSION
We combined exact eigenmode solution of isolated carbon nanotubes, obtained via an effective-boundary condition approach, with Floquet mode theory in order to construct and algoithm capable of predicting the transmission properties of generic 2D CNT-based crystals. The algorithm appears to distinguish between intrinsic and geometric resonances and is shown to be efficient by using a special method to accelerate the convergence of the lattice sum. Several examples were introduced, including design of stopband optical device by controlling spacing and CNT types. The algorithm, being computationally efficient, can be deployed in optimization of more complex nanoscale photonic crystals. It is found that the algorithm can be used to distinguish electronic transition resonances in CNTs from new geometric resonances produced by the array structure of the photonic crystals.
APPENDIX A. DOWN-GOING CANONICAL CASE
Let N and M be the total numbers of cylindrical and space modes, respectively. For the down-going case, we solve the problem of scattering by a series of plane waves incident on the structure (as shown in Fig. 7 ) with k z ·ẑ < 0. In this case, the reflection and transmission matrices for a single layer are read off the results of Section 3.1 as
for which we have n = 0, ±1, ±2, . . . , N and m = 0, ±1, ±2, . . . , M.
APPENDIX B. UP-GOING WAVE CANONICAL CASE
For the up-going case, we solve the problem of scattering by a series of plane waves incident on the structure (as shown in Fig. 7 ) with k z ·ẑ > 0. In this case, the reflection and transmission matrices for a single layer are read off the results of Section 3.1 as 
for which we have n = 0, ±1, ±2, . . . , N and m = 0, ±1, ±2, . . . , M. Here,β i,0 andβ o,i in Eqs. (A4) and (B4) are the cylindrical translation matrix accommodating the possibility of shifting the i th row to the right or the left. For further information on how to use and construct these matrices, see [18] .
APPENDIX C. GENERALIZED SCATTERING (TRANSMISSION) MATRIX METHOD
We expand any field Ψ as ψ i (r) =ψ 
We remind the reader that the propagation constants k xm k ym are defined by equations similar to Eq. (16) . The generalized reflection matrices in Eq. (C1) are calculated recursively in the following manner
while the initial condition is given byR g N,N+1 = 0.
